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I. INTRODUCTION 
This brief note contains some elementary results about the density of 
some subsets of the positive integers. Those subsets that are considered 
are : 
P(N): the set of primes that are <IV, 
S,(N): the set of squares that are <IV, 
S,(N): the set of numbers rz < N such that 
S,(N): the set of numbers n < N such that 
n = x2 + y2 $ 22, 
S,(N): the set of numbers n < N such that 
n=x2+y2+22+zu2, 
for integers x, y, z, and w. 
2. PRIMES 
The prime number theorem [l] states that, as x + 00, 
$4 - wag 4, 
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where n(x) is the number of primes that are <x. Hence, the relative 
density of primes in the first N positive integers is 
(4vI~~) - (1 /log w (2) 
which tends to 0 as N + co. 
3. SQU.~RE~ 
The number of squares <N is [N1/2], so the density is 
([N”“]/N) N (l/W2). (3) 
It is clear from (2) and (3) that 
(a(N)/[Nl~2J) - (W2,log N), (4) 
which assures a long-run relative density of primes to squares tending 
to infinity with N. Similarly, the convergence of the series A’:] /p (p prime), 
also shows that squares are rarer than primes. We might well ask whether 
there is always a prime between consecutive squares. So far as I know, 
it is still an open question [2], though it has been proved that there is 
always a prime between successive cubes [3]. It is known that the nth 
prime, p, is asymptotic to n log n [4], so L’ l/p, diverges at the same 
rate as A l/(n log n). We might, therefore, even hope that we could 
prove existence of a prime between nl+’ and (n + l)l+f for any E > 0, 
at least for sufficiently large n. 
4. SUMS OF Two SQUARES 
It is relatively easy to prove that: (1) every prime of the form 4k + 1 
is a sum of two squares [5]; and (2) if m = x2 + y2 and 71 = u2 + u2 
then mn = (xu - y~u)~ + (XV + y~)~. This implies that any number 
whose prime decomposition contains only even powers of primes of the 
form 4k + 3 can be expressed as a sum of two squares. The converse is 
also true: no number is a sum of two squares if the highest power of 
some prime 4k + 3 that divides it is odd [6]. For N = 20, the set S,(N) 
contains 1, 2, 4, 5, 8, 9, 10, 13, 16, 17, 18, 20 but does not contain 3, 6, 
7, 1 I, 12, 14, 15, 19. The density of Ss.20) is 12/20, or 60 %. But this 
DENSITY PROPERTIES 385 
kind of result does not hold true as N increases. For N = 100, the 
density is 43%, and, in fact, the asymptotic density is zero. A partial 
explanation lies in the fact that, for every pair of integers m and n such 
that n is a sum of two squares and m is not, the product mn also is not 
a sum of two squares. As N increases and the set S,(N) grows, there are 
more numbers that are not sums of two squares and each of them pro- 
duces another factor m and set of numbers m&(N) that are excluded 
from S,(mN). The situation is somewhat like the crossing out process 
in the familiar sieve of Eratosthenes, where multiples of primes are 
crossed out and more and more numbers are subject to attack as mul- 
tiples of new primes are used. 
By refining the foregoing line of reasoning, it is possible to prove [7] 
that there exists a positive constant B such that, if B(x) is the number 
of integers <X that are sums of two squares, then 
where 
B(s) - (Bx/(log .z)1/z), as J ---f co, 
B = (11’2’1”) Lql - (lly2))-112; r(prime) = 3(mod 4). 
Thus, 
(B(x)/q - @(log a)““) + 0 as x-00. 
Because the primes have asymptotic density ~(x)/x N l/log X, it follows 
that primes are rarer than sums of two squares. 
5. SUMS OF THREE OR FOUR SQUARES 
The well known three-squares theorem (Legendre: Essai sur la 
theorie des nombres, 1798, pp. 202, 398-399) is that exactly those 
numbers are sums of three squares that are not included in any of the 
progressions 
8n + 7, 4(8n + 7), 42(8n + 7) ,..., 4k(8n + 7) ,... . 
The proportion of all integers that are in these excluded progressions is 
$+;3+-&+... +. 
Therefore, the asymptotic density of the integers that are sums of three 
squares is 516. 
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The density story stops with four squares: every positive integer is a 
sum of four squares [8] so the density is uniformly one. 
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